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Review of the PhD Dissertation by Zhanar Artykbayeva
“Spectral Analysis of Self-Adjoint Differential-Algebraic
Operators with Boundary Terms”

The PhD dissertation is devoted to the study of differential-algebraic equations and op-
erators with boundary terms. The research topic is highly relevant to modern mathematical
analysis and operator theory, particularly in connection with boundary value problems involv-
ing algebraic constraints and spectral parameter dependence.

The dissertation develops an operator-theoretic framework for the analysis of boundary
value problems for differential-algebraic equations with algebraic components. Special atten-
tion is given to the influence of boundary terms on the structural and spectral properties of
the associated operators. The investigation of self-adjoint differential-algebraic operators with
boundary terms constitutes a central part of the work and represents a substantial contribution
to the theory of differential operators and spectral analysis.

The dissertation addresses the correct formulation of boundary value problems for differ-
ential equations with algebraic terms and boundary interactions. It consists of three chapters.
The analytic structure of the resolvents of the considered operators is identified, and the mero-
morphicity of these resolvents is rigorously established. Projectors onto the eigensubspaces of
the corresponding differential boundary operators with algebraic terms are constructed, and
classes of self-adjoint operators of this type are characterized.

The operators under investigation are closely connected with eigenvalue problems for
differential equations whose boundary conditions depend on the spectral parameter. In the
final part of the dissertation, the Riesz basis property of the system of eigenfunctions is proved
for such boundary value problems in the case of second-order differential equations with variable
coefficients. This result is of particular importance for the completeness and stability of spectral
decompositions. '

Overall, the dissertation represents a coherent and complete scientific work in which
nontrivial and mathematically significant problems in spectral theory, operator theory, and
the theory of differential equations are successfully solved.

The problems studied are of interest both to researchers in pure mathematics, especially
in spectral analysis and functional analysis, and to specialists working in applied mathematics
where differential-algebraic models arise naturally.

The main results of the dissertation are original and obtained by the author. The work
is characterized by a high level of mathematical rigor: definitions are precise, statements are
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clearly formulated, and proofs are logically consistent and well structured. The author demon-
strates a solid command of functional analysis, operator theory, and the theory of differential
equations.

The dissertation is well organized and clearly written. The material is presented in a
systematic manner, and the conclusions follow naturally from the developed theory.

To conclude, the dissertation contains significant and original results that fully meet
the requirements for the award of the PhD degree. I strongly recommend that the disserta-
tion by Zhanar Artykbayeva entitled “Spectral Analysis of Self-Adjoint Differential-Algebraic
Operators with Boundary Terms” be accepted and approved for public defense.

Valery Romanovski / —
Professor, Ph.D. and D.Se.
Member of the European Academy of Sciences and Arts
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Peuensus na PhD auccepraumio Yanap Aproikb6aesoii
«CneRTPANbLHBIH AHAJIH3 CAMOCONPSKEHHBIX AHPPepeHIHATLHO-AITe6PAHIECKHX
ONepaTopoB ¢ rPAHHYHBIMH YWICHAMH»

Jloktopckas  JMCCEpTalls  MOCBSIICHA MCCEAOBAHMIO  CTPYKType an(pdepeHunanisHo-
anreOpauyecKHX YPaBHEHHI C KpaeBbIMH YCIOBHAMH. TeMa McCNenoBaHHUs ABJSETCS BECbMa
aKTyaJabHOM UIS COBPEMEHHOH MaTeMaTHYECKOI aHAIMTHKH U TEOPHH ONEPaToOpoB, 0COOEHHO B
CBSI3H C KPAaeBbIMH 33/la4aMH, BKJIIOYAIOIIUMH ajirebpandyeckie OrpaHHyYeHHs H 3aBHCHMOCTE OT
CNEKTPAIBHOIO MapameTpa.

B nuccepraunu paspaboTaHa OnepaTOpHO-TEOpPETHYECKAsh OCHOBA JUIS aHAIN3a KPaeBbIX 3a/ay
s auddepeHunanbHo-anredpauyecknX ypaBHeHHH ¢ anreOpaHyecKMMH KOMIIOHEHTaMH.
OcoGoe BHHMaHHE YNENSCTCS BIMSHMIO KPaeBBIX YCJIOBHil Ha CTPYKTYPHBIE M CIEKTpabHBIE
CBoOlicTBa COOTBETCTBYIOLIHX OIEpaTopOB. HUccnenopanue CaMOCONPSKEHHBIX
i depennnanbHO-anreOpanyeckuX —ONMEpaTopoB C  KPaeBbIMH  YC/OBHSAMH  COCTAaBJISET
LEHTPaJbHYI0O 4YacTh paboThl M NpeACTaBiseT co0Oif CYLIECTBEHHBIM BKJIaA B TEOPHIO
anddepeHnaIbHEIX ONEPaTOPOB H CHEKTPAIBHbIN aHAJIH3.

B jmuccepranmm  paccMaTpHBAaeTCs  KOPpeKTHas [OCTAHOBKA  KpaeBbIX 3ajad  Juld
middepeHuManbHbIX  YPaBHEHHH ¢ anreOpaMyeckMMH — YCNIOBHSMH W TPaHHYHBIMH
B3auMozeicTBuaMH. PaGorta coctout u3 Tpéx riaB. OmpeneneHa aHaIMTHYECKas CTPYKTypa
PE30JILBEHT PacCMaTPUBAEMBIX ONEPATOPOB, H CTPOTO YCTAHOBJIEHA HX MEPOMOP(QHOCTS.
IToctpoeHsl ~ MpPOEKTOPHl  HAa  COOCTBEHHbIE  MOANPOCTPAHCTBA  COOTBETCTBYIOLIHX
avddepeHManbHbIX  KPaeBBIX OMEPATOPOB € aireOpauyeckKWMH YCJIOBHSMH, a TaKKe
OXapaKTepH30BaHbl KJIACChl CAMOCONPSHKEHHBIX OMEPATOPOB AAHHOTO THIIA.

Hccnenyembie OmepaTtopsl TECHO CBs3aHbI C 3aJayaMH Ha COOCTBEHHBIC 3HAYEHHS I
auddepeHManbHEIX YPABHEHHUH, KpaeBble YCIOBHS KOTOPHIX 3aBHUCAT OT CHEKTPaJbHOIO
napaMeTpa. B 3akiroudTeNbHOM YacTH AUCCEPTALMU I0Ka3aHO CBOHMCTBO Oa3sica Pucca cucTeMsl
coOCTBEHHBIX (DYHKLHMI I TaKMX KpaeBbIX 3a1ay B ciydae Au(depeHIUaNbHBIX ypaBHEHHI
BTOPOro MOpsi/iKa C NEPEMEHHBIMH KO3 pUIHEHTaMH. DTOT Pe3ybTaT HMEET 0c000€ 3HAUCHHE
JUIS IOJTHOTHI M YyCTOMYHUBOCTH CHEKTPATBHBIX Pa3IoKEHHUH.

B nenom auccepranusi npeacrasiser coOOi LENOCTHYIO H 3aBEpPLIEHHYIO HayuHYIO padoty, B
KOTOpO#i yCTEIHO PeIeHbl HETPUBHAJIBHBIE H MAaTEMaTHYECKH 3HAYHMBIE 3a1aUH CEKTPAIBHOM
TEOPHH, TEOPHH ONIEPATOPOB ¥ TEOPHH AU (epeHLNANBHBIX YPaBHEHHIA.

PaccmaTtpuBaeMble 3a1auy NPEACTaBSIOT HHTEPEC KaK JUlsl HcciefoBaTeiei B 00/1acTH YuCTOl
MaTeMaTHki, OCOOEHHO CHEKTPAILHOrO aHanu3a W (YHKUMOHAILHOTO aHAIW3a, TaK H i
cneuuaiucToB, paboTalomuX B MpHKIAAHONW  Martemarthke, rae AudepeHnHanbHO-
anredpayyeckue MOJENH BO3ZHUKAIOT ECTECTBEHHLIM 00pa3oM.
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OCHOBHBIC pe3yJIbTaThl AHCCEPTALHH ABASIOTCS OPUTHHAIBHBIMH H TMOJyYeHBI aBTOpoM. PaboTa
XapaKTEePU3yeTCs BBLICOKHM YPOBHEM MaTeMaTHYeCKOH CTPOrOCTH: ONPEACTCHHS TOYHBI,
YTBEPXKIACHUS UYETKO C(HOPMYJHPOBaHbI, a JIOKA3aTeNbCTBA JIOTHYECKH MOC/IE0BATEIbHEI H
XOpOLIO CTPYKTYPHPOBaHbl. ABTOP JCMOHCTPHpYeT riyGokoe BiajieHHE (PYHKIHOHATBHBIM
AQHAIN30M, TeOpHeii onepaTopoB K TeopHeit aAndpepeHunanbHBIX ypaBHEHHHA.

Jluccepraiss  XOpOLIO  OpraHM3oBaHa M SICHO H3jI0)keHa. Marepuan  rnpeicTaBieH
CHCTEMATHYECKH, a BBIBOJIbI €CTECTBEHHBIM 06pa3oM CiieAyIoT H3 pa3paboTaHHOl TEOpHH.

B 3aKyioueHue cieayeT OTMETHTD, YTO JUCCEPTALHS COACPIKHT 3HAYHTEIIbHBIE H OPHTHHAIBHBIC
pe3yJbTaThl, MOJHOCTBIO COOTBETCTBYIOLIHE TpeOOBaHHAM s npHCyXaeHus ctenenu PhD. S
HACTOSITENIBHO PEKOMEHAYIO NpPHHATH Aucceprauuio JKanap ApThikGaeBoit Moa Ha3BaHHEM
«CnexTpaibHblii aHATH3 caMoConPHKEHHBIX aupdepeHIHanbHO-IreOpanyecKHX OnepaTopos ¢
rPaHHYHBIMH YICHAMH) H JAOMYCTHTH €€ K nyOanuHOi 3aluTe.

Banepuii PomaHoBckHii
ITpogeccop, Ph.D. u D.Sc.
UYnen EBponeiickoit akaleMHH HayK H HCKYCCTB
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